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Abstract
The coupling of the tangent bundle TM with the Lie algebra bundle
L ([5], Definition 7.2.2) plays the crucial role in the classification of the
transitive Lie algebroids for Lie algebra bundle L with fixed finite dimen-
sional Lie algebra g as a fiber of L. Here we give a necessary and sufficient
condition for the existence of such a coupling. Namely we define a new
topology on the group Aut (g) of all automorphisms of Lie algebra g and
show that tangent bundle TM can be coupled with the Lie algebra bundle
L if and only if the Lie algebra bundle L admits a local trivial structure
with structural group endowed with such new topology.
1 Introduction and Preliminaries
For every transitive Lie algebroid, the adjoint bundle is a Lie algebra bundle
and can be coupled with the tangent bundle of its base smooth manifold (See
[5], Theorem 6.5.1 and Definition 7.3.4). Conversely, there is a problem whether
there exists a transitive Lie algebroid with a given Lie algebra bundle as adjoint
bundle. Mackenzie was concerned with this problem and formulated the def-
inition of coupling and constructed the obstruction class that depends on the
coupling in order to give a criterion of existence of a transition Lie algebroid(See
[5], Section 7.2). The results from this problem are used for the description of
the classifying space of transitive Lie algebroids (See [6]). Since in [5] the cou-
pling was assumed to exist, it is natural to consider the problem of existence
of a coupling. In this paper, we show a necessary and sufficient condition for
existence of a coupling of the tangent bundle TM with the Lie algebra bundle
L.
In the beginning, we shall give some definitions and results about the Lie
algebra and differential geometry.
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Definition 1.1. (See [2] ) Let g be a finite dimensional Lie algebra. Let Aut g
denote the group of Lie algebra automorphisms of g and Der g denote the Lie
algebra of derivations of g. Define the exponential map exp : Der g → Aut g
by the formula
exp : ψ 7→
∞∑
i=1
ψi
i!
where ψ ∈ Der g. Usually we denote exp(ψ) by eψ.
Definition 1.2. Let g be a finite dimensional Lie algebra. An automorphism of
the form exp(ad u), where u ∈ g, is called inner. More generally, the subgroup
of Aut g generated by those is denoted by Int g and its elements are called inner
automorphisms.
Proposition 1.3. (See [5], [2]) The subgroup Int g is a normal Lie subgroup
of Aut g. The Lie algebra of the group Int g is ad g.
As the group Int g is a normal Lie subgroup of Aut g, there is a quotient
group denoted by Aut g/Int g. Denote by q : Aut g → Aut g/Int g the
corresponding quotient map. The Lie group structure of Aut g is induced from
the Lie group structure of the groupGL(g) (See [3]), whereGL(g) is the group of
all linear isomorphisms from g to g. Due to [4], the quotient group Aut g/Int g
has the topology induced from Aut g by the quotient map q. It is well know
that the topology of Aut g/Int g is not always discrete. We can add more
open subsets on Aut g such that toplogy on Aut g/Int g becomes the discrete
topology. Let us denote by Aut gδ the space Aut g with a finer topology
such that the topology of Aut g/Int g becomes the discrete topology. In order
to avoid confusion, we denote by Aut g/Int gd the space Aut g/Int g with
discrete topology.
Let M be a smooth manifold and ϕ : M → Aut g be a smooth map. Let
q : Aut g→ Aut g/Int g be the quotient map defined above.
Theorem 1.4. The composition q ◦ ϕ : M → Aut g/Int g is locally constant
if and only if ∂ϕ
∂X
ϕ(x)
−1 ∈ ad g for arbitrary x ∈M and X ∈ TxM .
Proof. Fix x ∈ M and X ∈ TxM . Let γ : (−ε, ε) → M be a curve such that
γ(0) = x and γ˙(0) = X . Since q ◦ϕ :M → Aut g/Int g is locally constant, the
map ϕ ◦ γ : (−ε, ε)→ Aut g has the form
ϕ ◦ γ(t) = C · ϕ(γ(t)),
where C ∈ Aut g is constant and ϕ ◦ γ : (−ε, ε)→ Int g. Then by Proposition
1.3, one has
dϕ◦γ
dt
|t=0ϕ(γ(0))
−1
= C · dϕ◦γ
dt
|t=0 · ϕ(γ(0))
−1 · C−1 ∈ adg.
Thus ∂ϕ
∂X
ϕ(x)
−1 ∈ adg .
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Consider the composition
TxM
T∗ϕ
// Tϕ(x)(Aut g)
T∗Rϕ(x)−1
// Te(Aut g)
T∗q
// T[e](Aut g/Int g)
where x ∈ M and Rϕ(x)−1 : Aut g → Aut g, Rϕ(x)−1(θ) = ϕ(x)
−1θ, for θ ∈
Aut g.
We identify Te(Aut g) with Der g and T[e](Aut g/Int g) with Der g/adg.
For arbitrary X ∈ TxM ,
∂ϕ
∂X
ϕ(x)
−1 ∈ adg
is equivalent to
T∗Rϕ(x)−1 ◦ T∗ϕ(X) ∈ adg.
Then T∗q ◦ T∗Rϕ(x)−1 ◦ T∗ϕ(X) = 0.
Since q ◦Rϕ(x)−1 ◦ϕ = R(q◦ϕ(x))−1 ◦ (q ◦ϕ), it follows that T∗q ◦T∗ϕ(X) ≡ 0.
Consequently, q ◦ ϕ : M → Aut g/Int g is locally constant.
Remark 1.5. In the theorem above, the condition that q◦ϕ :M → Aut g/Int g
is locally constant is equivalent to the condition that ϕ : M → Aut gδ is con-
tinuous.
It is well know that given a vector bundle endowed with a connection, parallel
transport along paths can be defined.
Definition 1.6. (See [1] Definition 3.1.1 and Lemma 3.1.3) Let E be a vector
bundle on a smooth manifold M and ∇ be a connection on E. Let γ : [0, 1]→M
be a smooth path. Then for each e ∈ Eγ(0), there exists a unique section σ
along γ which satisfies ∇γ˙σ ≡ 0 and σ(0) = e. Define Pγ(e) = σ(1). Then
Pγ : Eγ(0) → Eγ(1) is a well defined linear map called the parallel transport
map.
Lemma 1.7. (See [1], Lemma 3.1.8) The parallel translation along path γ does
not depend on the parameterization of γ.
More generally, Definition 1.6 and Lemma 1.7 extend to the piecewise smooth
situation (See [1], page 22). Let γ, γ′ : [0, 1] → M be two piecewise paths with
γ(1) = γ′(0). Define the inverse path γ−1 and composition γ′γ by
γ−1(t) = γ(1− t) 0 ≤ t ≤ 1 ; γ′γ =
{
γ(2t) 0 ≤ t ≤ 12 ,
γ′(2t− 1) 12 ≤ t ≤ 1.
Since the composition of smooth paths is piecewise smooth, we have
Lemma 1.8. (See [1], 3.1.18) Given two piecewise smooth paths γ, γ′ : [0, 1]→
M with γ(1) = γ′(0). Then
Pγ−1 = Pγ
−1 and Pγ′γ = Pγ′ ◦ Pγ .
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Definition 1.9. (See [1], page 23) Let M be a smooth map. Consider a con-
tinuous map
H : [0, 1]× [0, 1]→M, hs = H(s, ·) : [0, 1]→M
where hs is a family of piecewise smooth maps, and H(s, t) is smooth in s. The
map H is called a piecewise smooth homotopy.
Consider a vector bundle E → M endowed with a connection ∇ with cur-
vature R. Through piecewise smooth homotopy, we can give some important
relation between parallel transport and curvature. We denoted by Ps,t the par-
allel transport from Ehs(t) to Ehs(1) through path hs and set
Rs,t = Ps,t ◦R(∂tH(s, t), ∂sH(s, t)) ◦ P
−1
s,t : Ehs(1) → Ehs(1)
Lemma 1.10. (See [1], Lemma 3.1.11) Let σ be a piecewise smooth section
along a piecewise smooth homotopy H, defined as above, such that ∇∂tσ(s, t) ≡ 0
and ∇∂sσ(s, 0) ≡ 0 for all s. Then
∇∂sσ(s, 1) = (
∫ 1
0
Rs,tdt)σ(s, 1).
In the case H(s, 0) and H(s, 1) are constant, then Ps,0 = Phs and satisfies
∂sPs,0 = (
∫ 1
0
Rs,tdt) · Ps,0.
2 The Existence of Coupling
Definition 2.1. (See [5],Definition 3.1.1) A Lie algebroid A over a smooth
manifold M is a vector bundle p : A→M together with a Lie algebra structure
[ , ] on the space Γ(A;M) of sections and a bundle map a : A→ TM called the
anchor such that
(i) the induced map a : Γ(A;M) → Γ(TM ;M) is a Lie algebra homomor-
phism
(ii) for any sections σ, τ ∈ Γ(A;M) and smooth function f ∈ C∞(M) we have
the Leibniz identity
[σ, fτ ] = f [σ, τ ] + a(σ)(f)τ.
We call A a transitive Lie algebroid if a is surjective. We often use
0 −→ L
j
−→ A
a
−→ TM −→ 0
to denote a transitive Lie algebroid. Here L = Ker a is called the adjoint
bundle. Sometimes we use (A,M, [ , ], a) to denote a Lie algebroid in order to
highlight the bracket.
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Let (A′,M, [ , ], a′) be a second Lie algebroid on the same base M . Then a
morphism of Lie algebroids g : A→ A′ over M , or a Lie algebroid homorphism,
is a vector bundle morphism such that a′ ◦ g = a and f([σ, τ ]) = [f(σ), f(τ)],
for all σ, τ ∈ Γ(A;M).
Notation 2.2. Given a Lie algebra bundle L, the transitive Lie algebroid of co-
variant derivations on Γ(L;M) (See [5], Corollary 3.6.11) is denoted by DDer(L).
The bundle DDer(L) is included in the Atiah exact sequence
0→ Der (L)→ DDer(L)→ TM → 0
where Der (L) is the bundle of fiberwise derivative of L. The elements of
Γ(DDer(L);M) are called bracket derivations on L.
We denote by ad L the image of the adjoint representation ad : L →
DDer(L). One can prove that ad L is an ideal of DDer(L)(See [5]), page 271).
Definition 2.3. (See [5], Definition 7.2.1) Let L be a Lie algebra bundle on a
smooth manifold M . Then the quotient Lie algebroid
0→ Der (L)/adL→ DDer(L)/adL→ TM → 0,
is denoted by
0→ Out Der(L)→ Out DDer(L)→ TM → 0
and elements of Γ(Out DDerL;M) are called outer bracket derivations on
L. Two quotient maps are denoted by ♮+ : Der (L) → Out Der(L) and
♮ : DDer(L)→ Out DDer(L).
Since the tangent bundle of a smooth manifold is a Lie algebroid ([5], Section
3.3), we have following definition.
Definition 2.4. (See [5], Definition 7.2.2) Let L be a Lie algebra bundle on a
smooth manifold M . A coupling of TM with L is a Lie algebroid homomorphism
Ξ : TM → Out DDer(L). We also say that TM and L are coupled by Ξ.
Remark 2.5. The definition of coupling in [5] is more general, as Mackenzie
defined coupling between an arbitrary Lie algebroid and Lie algebra bundle on
the same base. Here we only consider the coupling between a tangent bundle
and a Lie algebra bundle. Nevertheless, it is still worth considering the special
coupling in Definition 2.4, since it is useful in describing the classifying space
of a transitive Lie algebroid in [6].
Given a Lie algebra bundle, the coupling need not always exist. An example
follows.
Example 2.6. Let S2 be two dimensional sphere. The tangent bundle of S2
is denoted by TS2 → S2 and is not trivial(See [3], Page 5). Then there is no
coupling Ξ : TS2 → Out DDer(TS2).
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To see this, we first note that ad (TS2) = 0 since TS2 is an abelian Lie
algebra bundle. Then Out DDer(TS2) ≡ DDer(TS2). Thus a coupling Ξ is also
a Lie algebroid homomorphism Ξ : TS2 → DDer(TS2). It can be regard as a
flat connection on TS2(See [5], Page 186). But TS2 admits no flat connection,
since S2 is simply connected, a flat connection would trivialize the bundle.
In the remainder, we will be concerned with the existence of a coupling.
Lemma 2.7. (See [5], Section 7.2) Let L be a Lie algebra bundle on a smooth
manifold M with coupling Ξ : TM → Out DDer(L). There is a connection ∇
on L such that
i. ∇X [u, v] = [∇Xu, v] + [u,∇Xv];
ii. R∇(X,Y ) = ∇[X,Y ] − {∇X ,∇Y } = ad ◦ Ω(X,Y ).
Here u, v ∈ Γ(L;M), X,Y ∈ Γ(TM ;M) and Ω : TM
∧
TM → L is a vec-
tor bundle morphism. The connection ∇ satisfying property (i) is called a Lie
connection.
Lemma 2.8. Let γ : [0, 1]→M be a piecewise smooth path on M and L→M
a Lie algebra bundle with Lie connection ∇. Then the parallel transport map
Pγ : Lγ(0) → Lγ(1), as defined in Definition1.6, is a Lie algebra isomorphism.
Proof. Without lose of generality, we suppose that γ : [0, 1] → M is smooth
path. Let u, v ∈ Lγ(0). There are sections σ, τ along path γ such that ∇γ˙σ = 0,
∇γ˙τ = 0 and σ(γ(0)) = u, τ(γ(0)) = v.
By Definition 1.6, Pγ(u) = σ(γ(1)) and Pγ(v) = τ(γ(1)). Since ∇ is a Lie
connection, ∇γ˙([σ, τ ]) = [∇γ˙σ, τ ] + [σ,∇γ˙τ ] = 0. Thus [σ, τ ] is also a parallel
section along γ. As [σ, τ ](γ(0)) = [u, v],
Pγ([u, v]) = [σ, τ ](γ(1))
= [σ(γ(1), τ(γ(1))]
= [Pγ(u), Pγ(v)].
Due to the above formula and Lemma 1.8, Pγ is a Lie algebra isomorphism.
Theorem 2.9. Let L be a Lie algebra bundle on asmooth manifold M with fibre
g. Then a coupling Ξ : TM → Out DDer(L) exists if and only if L admits a
locally trivial structure with structural group Aut gδ.
Proof. By Lemma2.7, there is a connection ∇ on L with curvature R∇ = ad◦Ω,
where Ω : TM
∧
TM → L. Let {Uα, fα
≈
−→ Rn}α∈∆ be a class of charts of M .
For each α ∈ ∆, define xα ∈ Uα by xα = f−1α (0). Let x ∈ Uα be arbitrary
and define a smooth path
γα,x : [0, 1]→ Uα by γα,x(t) = f
−1
α (tfα(x)).
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By Lemma 2.8 and the path defined above, we can define a new class of
charts for L→M ,
ϕα : Uα × Lxα → LUα , ϕα(x, u) = Pγx,α(u) (1)
for x ∈ Uα, u ∈ Lxα .
If Uα
⋂
Uβ 6= ∅, then ϕ
−1
β ◦ ϕα : Uα
⋂
Uβ × Lxα → Uα
⋂
Uβ × Lxβ is
ϕ−1β ◦ ϕα(x, u) = (x, Pγ−1
x,β
◦ Pγx,α(u))
= (x, Pγ−1
x,β
γx,α
(u))
(2)
Let us define
γx = γ
−1
x,βγx,α. (3)
By (2), (3) and the definition of new charts (1), the transition function
ϕαβ : Uα
⋂
Uβ → Aut g for the new charts is
ϕαβ(x) = Pγx . (4)
Given arbitrary x0 ∈ Uα
⋂
Uβ and X ∈ Tx0Uα
⋂
Uβ . Let c : [−ε, ε] →
Uα
⋂
Uβ be a smooth path with c(0) = x0 and c˙(0) = X .
Define
H : [−ε, ε]× [0, 1]→ Uα
⋃
Uβ
by
H(s, t) =
{
f−1α (2tfα(c(s))) 0 ≤ t ≤
1
2 ,
f−1β ((2 − 2t)fβ(c(s)))
1
2 ≤ t ≤ 1.
The map H is a piecewise homotopy and H(s, ·) = hs = γc(s), as defined in (3),
for each s ∈ [−ε, ε].
Let us use Ps,t to denote parallel transport over the path hs from Lhs(t) to
Lhs(1). Since R
∇ = ad ◦ Ω,
Rs,t = Ps,t ◦R(∂tH(s, t), ∂sH(s, t)) ◦ P
−1
s,t
= Ps,t ◦ (ad ◦ Ω(∂tH(s, t), ∂sH(s, t))) ◦ P
−1
s,t
= ad ◦ Ps,t(Ω(∂tH(s, t), ∂sH(s, t)))
By Lemma 1.10,
∂sPs,0 = (
∫ 1
0 Rs,tdt) · Ps,0
= ad(
∫ 1
0
Ps,t(Ω(∂tH(s, t), ∂sH(s, t)))dt) · Ps,0.
Since Ps,0 = Phs and hs = γc(s), formula (4) implies we have Ps,0 = ϕαβ(c(s)).
Thus
dϕαβ(c(s))
ds
|s=0 · ϕ
−1
αβ(c(0)) = ∂sPs,0|s=0 · P
−1
0,0
= ad(
∫ 1
0 Ps,t(Ω(∂tH(s, t), ∂sH(s, t)))dt)|s=0 ∈ ad g.
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That is
∂(ϕαβ)
∂X
· ϕαβ(x0)−1 ∈ adg.
Then by Theorem 1.4, we have ϕαβ : Uα
⋂
Uβ → Aut g
δ. So the Lie algebra
bundle L→M admits structural group Aut gδ.
Now let us prove the other direction. As L → M admits structural group
Aut gδ, there is a class of charts {Uα, ϕα : Uα × g → LUα}α∈∆ with transition
functions {ϕαβ : Uα
⋂
Uβ → Aut g
δ}α,β∈∆.
For each α ∈ ∆, we define a connection∇α on LUα that is a bundle morphism
∇α : TUα → DDer(L)|Uα , by
∇αXsα = ϕα(
∂ϕ−1α (sα)
∂X
) (5)
where X ∈ Γ(TUα;Uα) and sα ∈ Γ(LUα ;Uα).
Let {hα}α∈∆ be a partition of unity corresponding to {Uα}α∈∆. Then define
a connection ∇ on L, that is ∇ : TM → DDer(L), by the formula
∇Xs(m) =
∑
α∈∆
hα(m) · ∇
α
Xs|Uα(m)
where X ∈ Γ(TM ;M), s ∈ Γ(L;M),m ∈ M and the corresponding items in
the sum are considered to be zero when m /∈ Uα.
Let us define Ξα : TUα → Out DDer(L)|Uα by
Ξα = ♮ ◦ ∇α.
By straightforward calculation, for Xα, Yα ∈ Γ(TUα;Uα),
RΞ
α
(Xα, Yα) = Ξ
α([Xα, Yα])− {Ξ
α(Xα),Ξ
α(Yα)}
= ♮ ◦R∇
α
(Xα, Yα) = 0
Define a bundle homorphism Ξ : TM → Out DDer(L) by
Ξ = ♮ ◦ ∇.
Actually, due to the definition of Ξα,
Ξ(Xm) =
∑
α∈∆
hα(m) · Ξ
α(Xm) (6)
for Xm ∈ TmM and the corresponding items in the sum are considered to be
zero if m /∈ Uα.
In the case Uα
⋂
Uβ 6= ∅, choose arbitrary X ∈ Γ(TUα
⋂
Uβ;Uα
⋂
Uβ) and
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section s ∈ Γ(LUα
⋂
Uβ ;Uα
⋂
Uβ). Then
∇βXs = ϕβ(
∂ϕ−1
β
(s)
∂X
)
= ϕβ(
∂ϕ−1
β
◦ϕα◦ϕ
−1
α (s)
∂X
) = ϕβ(
∂(ϕαβ◦ϕ
−1
α (s))
∂X
)
= ϕβ ◦ ϕαβ ◦ (
∂ϕ−1α (s)
∂X
) + ϕβ ◦ (
∂ϕαβ
∂X
) ◦ ϕ−1α (s)
= ϕβ ◦ ϕ
−1
β ◦ ϕα ◦ (
∂ϕ−1α (s)
∂X
) + ϕβ ◦ (
∂ϕαβ
∂X
) ◦ ϕ−1α (s)
= ∇αXs+ ϕα ◦ ϕ
−1
α ◦ ϕβ ◦ (
∂ϕαβ
∂X
) ◦ ϕ−1α (s)
= ∇αXs+ ϕα ◦ (ϕ
−1
αβ · (
∂ϕαβ
∂X
)) ◦ ϕ−1α (s)
= ∇αXs+ [ϕα(hαβ(X)), s]
here hαβ : TUα
⋂
Uβ → Uα
⋂
Uβ × g such that ϕ
−1
αβ · (
∂ϕαβ
∂X
) = ad ◦ hαβ(X) is
from the fact that ϕαβ : Uα
⋂
Uβ → Aut g
δ and Theorem 1.4.
Thus ∇αX −∇
β
X ∈ adL. So Ξ
α = Ξβ on TUα
⋂
Uβ . Hence Ξ|TUα = Ξ
α. The
bundle morphism Ξ : TM → Out DDer(L) defined in (6) is a coupling since
RΞ|Uα = R
Ξα = 0 for arbitrary α ∈ ∆.
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